The first calculation of kaonic deuterium 1s level shift using Faddeev-type equations with Coulomb interaction was performed. The obtained results were compared with commonly used approximate approaches.
Hadronic atoms are important sources of information about the interaction of exotic particles with atomic nuclei. The usual description of these systems is based on a two-body picture: a negatively charged hadron in the Coulomb field of the nucleus. The strong interaction with the nuclear many-body system is incorporated into an absorbtive nucleus-hadron interaction. (see e.g. [1] ). Thus the two interaction types, forming the system are treated not on equal footing: first, the pure strong interaction problem is reduced to an effective twobody one, while the Coulomb force is "added" as a second step. The most commonly used realization of this approach is the Deser- [2] and "corrected" Deser-approximation [3] , in which the strong interaction part of the problem is represented by a single complex number, the hadron-nucleus scattering length. Then the hadronic atom level shift is related to this number by a simple formula. A better substantiated way is to derive an optical potential V opt between the hadron and the nucleus and then to solve the V opt + V coul two-body problem to find the shifted eigenvalue.
To establish the accuracy or limits of applicability of these approximations one has to consider a system, for which both the approximate and exact results can be calculated. The simplest non-trivial hadronic atom, namely, the three-body system of hadronic deuterium is of this type. In this letter we present the results of the first calculation of a hadronic atom (kaonic deuterium in our case), where all interactions of the system are treated on equal footing. The obtained dynamically exact results are compared with those of the approximate methods.
The three-body Hamiltonian of the K − pn system reads
where V s denote the strong potentials, −e 2 /x pK − is a Coulomb potential between the antikaon and the proton, while the free three-body Hamiltonian is defined as
The ( x pn , y K − ), ( x pK − , y n ) and ( x nK − , y p ) are the three sets of Jacobi coordinates.
At present there are powerful methods to solve three-body problems, especially for the somewhat easier task of finding real or complex eigenvalues: Faddeev equations (in integral or differential form) or variational methods based on wave function expansion in coordinate space. However, just for our case both methods face serious difficulties. In the Faddeev approach we have the everlasting problem of the long range Coulomb force, which is even worse for attractive interaction. As for the coordinate space expansions, the main difficulty lies in the presence of two very different distance scales, both relevant for the calculated level shift.
Some years ago Z. Papp proposed a method for simultaneous treatment of short range plus
Coulomb forces in three-body problems [4] . The basic idea was to transform the Faddeev integral equations into matrix form using a special discrete and complete set of Coulomb Sturmian functions as a basis. The method was successfully applied for short range plus repulsive Coulomb forces (nuclear case) [5] and purely Coulomb systems with attraction and repulsion [6] . The case of short-range forces with Coulomb attraction, which is practically inaccessible by other methods, was not considered.
Coulomb Sturmian functions in coordinate space have the form
were b is a range parameter. The functions r|i are orthogonal with the weight function 1/r, or they form a bi-orthogonal and complete set with their counter-parts r|ĩ
The most remarkable feature of this particular basis set is, that in this representation the matrix of the (z − h c ) operator, where h c is the pure Coulomb Hamiltonian
is tridiagonal:
Therefore, if we write down the following obvious identity
and use it for evaluation the matrix elements of the two-body Coulomb Green's function ĩ |g c (z)|j , we get an infinite tridiagonal set of equations, which can be solved exactly. The same useful property holds for the matrix elements of the free two-body Green's function
The Noble form of the Faddeev equations [7] for the K − pn three-body problem, when
the Coulomb interaction appears in the Green's functions reads
where, as usual, the total three-body wave function is separated into three components
In Eqs. (9) c are mass coefficients. Note, that the Coulomb interaction is the same in all three equations, but expressed in different coordinates.
Introducing the shorter notation: α = (pn, K − ), (pK − , n), (nK − , p) for the partition channels and ( x α , y α ) for Jacobi coordinates, the equations can be rewritten as
with partition Green's functions defined as
The matrix equations are than obtained by inserting (approximate) unit operators into
where three-body µ and two-body iI quantum numbers µ = iI = nlNL were introduced.
Then the system of equations for the unknowns X α µ
has the form
The matrix elements of the overlap matrix between basis functions from different Jacobi coordinate sets (M αγ ) µµ ′ = μ α |µ 
and their calculation depends on α.
For α = (pK − , n) the G α (z) is the Green's function of two non-interacting subsystems.
Therefore, it can be calculated by a convolution integral along a suitable contour in the complex energy plane [8] 
where
are two-body Green's functions with strong plus Coulomb potential and free Green's function, respectively. While values of [g 0 α (z; y α )] II ′ can be calculated using the properties of the Coulomb Sturmian basis, the matrix elements of [g sc α (z; x α )] ii ′ can be found from the matrix resolvent equation
For the other two channels α = (pK − , n) an intermediate step is required. In this case the Coulomb potential is given not in its "natural" coordinates, therefore, we rewrite it in the form
Here V c,ch α (y α ) is the channel Coulomb interaction and U α ( x α , y α ) is a (shorter range) polarization potential, used in the equation
to calculate G α (z). Its matrix elements (U α ) µµ ′ = µ α |U α |µ ′ α can be evaluated by numerical integration. The channel three-body Green's function in Eq.(23) is defined by
and, again, it corresponds to non-interacting subsystems, therefore, can be found by a convolution integral
using the two-body Green's functions:
which can be obtained from resolvent equations similarly to Eq.(21).
A more detailed description of the formalism will follow in a subsequent paper.
A few remarks about the actual calculation.
First, there is a "dominant" channel Green's function:
which corresponds to a deuteron and a kaon "feeling" a Coulomb force from the center of mass of the deuteron. Its lowest eigenvalue
1s is the reference point, from which the energy shift is measured ∆z = z − z 0 . At z = z 0 all matrix elements of G ch (pn,K − ) (z) are singular, and the search for Det(A(z)) = 0 was performed in the vicinity of z 0 . 
Another point is that even in the absence of the strong interaction of the kaon with the nucleons, the presence of the polarization potential U (pn,K − ) causes a certain real shift of the eigenvalue from z 0 to z 1 . In principle, the strong shift should be measured from z 1 instead of z 0 . However, the effect is small, in our case z 1 − z 0 ≈ 10 eV.
Finally, theKN interaction is isospin dependent, acting in I = 0 and I = 1 states. Therefore in our "particle" representation the Faddeev component Ψ (pK − ,n) is a column vector
while the strong potential V s pK − is a 2x2 matrix
Due to this fact our final equations have four Faddeev components instead of three.
The calculations were performed with four models ofKN interaction. All are one-term For the NN interaction we took a separable potential, which reproduces NN scattering lengths, low-energy phase shifts and deuteron binding energy in np state. Since the present calculation is considered as a first test of the method for the description three-body hadronic atoms and also as a check of commonly used approximations, the choice of the potentials was not our main concern.
The calculation itself was a rather heavy numerical work with a lot of small but important technical details, the discussion of which might come in the next paper The results of the calculation are shown in the Table I . Shifts of kaonic hydrogen, characterizing theKN potentials, are also presented (in the first column) together with the shifts of kaonic deuterium obtained in the present calculation (in the last column).
The exact (accurate to ≈ 1 eV) results are compared with commonly used approximations. They are based on proper three-body Faddeev calculation of the K − d system without Coulomb interaction. We stress this point, since in several calculations even the strong interaction part of the problem is treated using different, uncontrolled approximations [11, 12] . The next step could be a more realistic calculation of the kaonic deuterium atom. In particular, the formalism should be extended to treat energy dependentKN interaction models. This is necessary for the inherently energy dependent chirally motivated potentials and also for a proper account of the πΣ channel via an energy dependent exact optical potential. To achieve this goal, the calculation of the convolution integrals has to be substantially modified.
